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Abstract: A new parton shower algorithm has been presented with the claim of providing
soft-gluon resummation at ‘full colour’ [1]. In this paper we show that the algorithm does
not succeed in this goal. We show that full colour accuracy requires the Sudakov factors
to be defined at amplitude level and that the simple parton-shower unitarity argument
employed in [1] is not sufficient.
1 Introduction
Over recent years much attention has been devoted to the development of parton showers
with ‘full colour’ evolution [2–7]. The study of these has multiple motivations: most im-
portantly, reducing theoretical uncertainties in parton showers will be crucial for precision
phenomenology at future colliders. Currently, parton showers provide some of the largest
sources of uncertainty in experimental analyses, e.g. [8]. There has also been a growth in
interest towards developing tools for the formal resummation of observables sensitive to the
complexity of the non-abelian structure of the strong interaction, specifically observables
with non-global or super-leading logarithms [9–14]. These will play an important role in
advancing parton shower algorithms. In this context, a widely available ‘full colour’ parton
shower would be a powerful tool.
In this letter we comment on the formalism for resumming complex colour structures
employed recently in [1]. A similar approach was previously put forward by one of the
present authors and collaborators [3, 5]. The authors of [1] describe their formalism as
being capable of producing “numerical resummation at full color in the strongly ordered
soft gluon limit.” We will examine this claim in what follows.
Let us be clear on what we mean by leading and sub-leading colour. A general observ-
able can be written
Σ(L) =
∞∑
n=0
(Ncαs)
n
n+1∑
m=0
Cn,m(L) , (1.1)
where L is some large logarithm. The coefficients Cn,m can be expanded:
Cn,m = C
(0)
n,m︸ ︷︷ ︸
LCΣ
+
1
Nc
C(1)n,m︸ ︷︷ ︸
NLCΣ
+
1
N2c
C(2)n,m︸ ︷︷ ︸
NNLCΣ
+... (1.2)
and a ‘full colour’ shower should be able to compute all of the C
(i)
n,m at a stated logarithmic
accuracy.1 We will show that the formalism of [1] generally fails to compute the NNLCΣ
terms, even in the strongly-ordered soft gluon approximation. Note also that, for many
observables, the NLCΣ term vanishes, so that the dominant sub-leading colour corrections
occur at NNLCΣ. It is also important to appreciate that the colour expansion defined in
Eq. (1.2) is very weak in its ambition. Just as in the case of logarithmic resummation,
more ambitious would be to perform a resummation of towers of enhanced corrections. In
which case an expansion of the form of Eq. (1.2) would be exponentiated.
2 Summary of the new ‘full colour’ parton shower
We will briefly summarize the algorithm advocated in [1] and we largely follow their no-
tation. The amplitude for an n-parton hard process is |Mn〉 and |mn+k〉 is the amplitude
1Or in a specified kinematic limit, e.g. the strongly-ordered soft gluon limit.
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after dressing with k soft gluons. Real emissions are accounted for recursively according to
〈mn+k|mn+k〉 = 〈mn+k−1|Γn+k−1(1) |mn+k−1〉 = 〈Mn|Γn(...Γn+k−2(Γn+k−1(1))...) |Mn〉 ,
(2.1)
where
Γn(Γ) = −
n∑
i,j=1
i 6=j
Ti ΓTj ωij, ωij =
sij
siqsqj
(2.2)
and sij = 2pi · pj in terms of the momenta of the partons i and j. The radiation pattern
for a single emission, q, is then determined by
dσn+k+1
σn+k
= dΦ+18piαs
〈mn+k|Γn+k(1) |mn+k〉
〈mn+k|mn+k〉
, (2.3)
where dΦ+1 is a phase-space measure and parametrises the momentum map from a state of
n+ k partons to a state of n+ k+1 partons. Its details are not needed for our discussion.
Virtual corrections are encoded via a no-emission probability, i.e. via a typical parton-
shower cross-section-level Sudakov factor, defined though unitarity as∫ t
t′
dκ2ij
σn+k
∫
dσn+k+1
dκ2ij
Π(κ2ij , t) = 1−Π(t
′, t), (2.4)
where κ2ij = ω
−1
ij plays the role of the ordering variable. This equation has the solution
Π(k)(t′, t) =
n+k∏
i,j=1
i 6=j
Πij(t
′, t), (2.5)
where
Πij(t
′, t) = exp
(
−
∫ t
t′
dκ2ij
κ2ij
∫
8pidΦ+1
dκ2ij
αs
〈mn+k|TiTj |mn+k〉
〈mn+k|mn+k〉
)
, (2.6)
is the no-emission probability for a single dipole (i, j). The overall no-emission probability
dresses the real emission matrix elements defined in Eq. (2.1) according to
〈mn+k; t|mn+k; t〉 = Π
(k)(t, tk)...Π
(1)(t2, t1)Π
(0)(t1, Q
2) 〈mn+k|mn+k〉 , (2.7)
where ti is the ordering variable associated with the ith emission and Q
2 is the hard scale.
3 The problem with Sudakovs
In this section we show that defining Sudakov factors through cross-section-level unitarity
gives rise to two compounding errors in colour. The first error is in the computation of loops,
the second is in the computation of the interplay between loops and real emissions. These
errors make the inclusion of Coulomb terms impossible, since they always appear as a pure
– 2 –
(abelian) phase in the amplitude. Firstly, we address the computation of loops (resummed
into Sudakov factors). The role of Sudakov factors in full-colour evolution of amplitudes
has been extensively studied [4, 6, 7, 13–17]. Ignoring Coulomb terms (including them only
makes matters more complicated), Sudakov factors2 should dress a general amplitude as〈
mn+k; t
′|mn+k; t
′
〉
= 〈mn+k; t| e
−
∫ t
t′
dκ2
∫ 4pidΦ+1
dκ2
αsΓn+k(1)e
−
∫ t
t′
dκ2
∫ 4pidΦ+1
dκ2
αsΓ
†
n+k
(1) |mn+k; t〉 ,
=
〈mn+k; t| e
−
∫ t
t′
dκ2
∫ 8pidΦ+1
dκ2
αsΓn+k(1) |mn+k; t〉
〈mn+k; t|mn+k; t〉
〈mn+k; t|mn+k; t〉 ,
6= Π(k)(t′, t) 〈mn+k; t|mn+k; t〉 . (3.1)
The not equals to sign represents the first error in [1].
We will now attempt to explicate this error and its consequences by giving it two
different interpretations. Firstly, we will show how this error can be thought of as a
straightforward linear algebra error. Secondly, we will present some fixed-order calculations
that show this error corresponds to miscalculating NNLCΣ diagrams with two or more
loops. To begin the linear algebra interpretation, let us rewrite the pertinent term from
Eq. (3.1) as
〈mn+k; t| e
−
∫ t
t′
dκ2
∫ 8pidΦ+1
dκ2
αsΓn+k(1) |mn+k; t〉
〈mn+k; t|mn+k; t〉
=
Tr
(
|mn+k; t〉 〈mn+k; t| e
V
)
Tr (|mn+k; t〉 〈mn+k; t|)
≡ Trnorm
(
eV
)
, (3.2)
where Trnorm is a normalised trace, such that Trnorm1 = 1 6= N where N is the dimension
of the matrix. In this notation we can write
Π(k)(t′, t) = eTrnorm(V). (3.3)
This definition is the source of the error. Motivated by cross-section-level arguments of
unitarity, it is implicitly assumed that
Trnorm
(
eV
)
= eTrnorm(V), (3.4)
which is wrong.
As a trivial example of how this sort of error could give problems, consider Tr e1N = Ne
whereas eTr 1N = eN . However, the error from using a normalised trace is more subtle,
since Trnorme
1N = eTrnorm1N = e. To see where the actual problem arises, consider a toy
model where V = αsNc(1+N
−1
c δV) and δV is not diagonal. In this case, the αsNc1 piece
2The argument of the Sudakov exponent is the real part of the one-loop cusp anomalous dimension
[13, 14]. Depending on the choice of ordering variable, path ordering should be implied. See Section 2 of
[6] for more details.
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plays the role of the leading colour part of the Sudakov and αsδV the sub-leading colour
part. The result is that
Trnorm
(
eV
)
= eTrnorm(V) +
∑
n≥2
O
(
αnsN
n−2
c (TrnormδV
2 − (TrnormδV)
2)
)
. (3.5)
The important difference arises because (TrnormδV)
n 6= Trnorm(δV
n) for n ≥ 2. From this
argument it is clear that errors will occur, starting with the computation of NNLCΣ.
Now let us now give a physical interpretation of the error by expanding Eq. (3.2) to
O(α2s ). The O(α
2
s ) term corresponds to dressing a general hard process at fixed order with
two strongly ordered soft loops. The correct amplitude is
n∑
i,j=1
i 6=j
∫ t
t′
dκ2ij
∫
8pidΦ+1
dκ2ij
αs
n∑
k,l=1
k 6=l
∫ t
κ2ij
dκ2kl
∫
8pidΦ+1
dκ2kl
αs
× Trnorm (Ti ·Tj Tk ·Tl) 〈mn+k; t|mn+k; t〉 . (3.6)
Now, we can expand Π(k)(t′, t) 〈mn+k; t|mn+k; t〉 to the same order. We find
1
2
n∑
i,j=1
i 6=j
∫ t
t′
dκ2ij
∫
8pidΦ+1
dκ2ij
αs Trnorm (Ti ·Tj)
n∑
k,l=1
k 6=l
∫ t
t′
dκ2kl
∫
8pidΦ+1
dκ2kl
αs
× Trnorm (Tk ·Tl) 〈mn+k; t|mn+k; t〉 . (3.7)
These two expressions are only equal when n+ k ≤ 3 because the colour matrices are then
proportional to identity matrices. However, for multiplicities of coloured partons greater
than 3 they differ by NNLCΣ pieces. This error occurs because writing a matrix element
in the form of Eq. (3.7) implicitly assumes that [Ti ·Tj,Ti ·Tk] ≈ 0, which is only correct
up to NLCΣ terms. For example, consider the case of e
+e− → qq¯g1g2 (for which the NLCΣ
term is zero). To illustrate the point consider the limit that both gluons were emitted from
the quark. In this limit a NNLCΣ error emerges due to the non-vanishing of
α2sTrnorm (Tq ·Tg1 Tg1 ·Tg2)− α
2
sTrnorm (Tq ·Tg1) Trnorm (Tg1 ·Tg2)
= α2s
N6c + 3N
4
c − 14N
2
c + 2
4N2c (N
2
c − 1)
2
=
(Ncαs)
2
4
(
1
N2c
+
5
N4c
+ ...
)
. (3.8)
Similar errors arise from other emission topologies. The non-vanishing commutator is also
the reason why Coulomb terms do not cancel and, as a result, underpins the origin of
super-leading logarithms [9].
The second error compounds the first. Let us now consider the evolution of an ampli-
tude to a new scale whilst emitting a single gluon:〈
mn+k+1; t
′′|mn+k+1; t
′′
〉
=
∫ t′
t′′
dκ2
∫
8pidΦ+1
dκ2
αs 〈mn+k; t| e
−
∫ t
t′
dκ2
∫ 4pidΦ+1
dκ2
αsΓn+k(1)Γn+k(1)
× e−
∫ t
t′
dκ2
∫ 4pidΦ+1
dκ2
αsΓ
†
n+k
(1) |mn+k; t〉 . (3.9)
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In order to recombine the two exponentials into a single Sudakov that builds Π(k)(t′, t) one
must assume [Γn+k(1), e
V] ≈ 0. For the same reasons as those described above, this is again
a NNLCΣ error. Where the previous error was in the higher order colour of loop diagrams
(≥ 2 loops), this error is in the higher order colour from the interplay between (≥ 1) loops
and emissions. Consequently, the algorithm does correctly generate real emissions in the
absence of any loop corrections. It also correctly generates one-loop contributions that
dress the softest real emission but fails thereafter.
4 Conclusions
QCD colour dynamics beyond leading colour is highly non-trivial and its correct inclusion
generally requires an amplitude-level approach that goes beyond the simple treatment of
virtual corrections presented in [1].
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